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ANCIENT SOLUTION OF MEAN CURVATURE FLOW IN
SPACE FORMS
LI LEI, HONGWEI XU, AND ENTAO ZHAO
Abstract. In this paper we investigate the rigidity of ancient solutions of the
mean curvature flow with arbitrary codimension in space forms. We first prove
that under certain sharp asymptotic pointwise curvature pinching condition
the ancient solution in a sphere is either a shrinking spherical cap or a totally
geodesic sphere. Then we show that under certain pointwise curvature pinching
condition the ancient solution in a hyperbolic space is a family of shrinking
spheres. We also obtain a rigidity result for ancient solutions in a nonnegatively
curved space form under an asymptotic integral curvature pinching condition.
1. Introduction
Let F : Mn × (T1, T2) → Nn+p be a smooth family of immersions into a Rie-
mannian manifold that satisfies
(1)
∂
∂t
F (x, t) = H(x, t),
where H(x, t) is the mean curvature vector of the submanifoldMt = F (M, t). (1) is
the negative gradient flow of the volume functional on the submanifolds and F (x, t)
is called the solution of the mean curvature flow.
The mean curvature flow of hypersurfaces has been investigated extensively,
see for instance the fundamental papers of Huisken [15, 16, 17] on the smooth
convergence theory of the mean curvature flow. For the mean curvature flow of
submanifolds with higher codimensions, fruitful results were obtained. For example,
following the work of Huisken [15, 16, 17], Andrews and Baker [1, 3], Liu, Xu,
Ye and Zhao [24, 26] proved several smooth convergence theorems for the mean
curvature flow of submanifolds of arbitrary codimensions under pointwise curvature
pinching conditions. Motivated by the rigidity theorem for closed submanifolds with
parallel mean curvature vector and the topological sphere theorem for complete
submanifolds in space forms [32, 36, 37], it was proposed in [25, 28] that the mean
curvature flow of closed submanifolds satisfying initial curvature condition |h|2 6
α(n, |H |, c) and |H |2+n2c > 0 in a complete simply connected space form Fn+p(c)
with constant curvature c 6= 0 would converges smoothly to a round point in finite
time or to a totally geodesic sphere in Fn+p(c) with c > 0. Here h denotes the
second fundamental form of the submanifold and α(n, |H |, c) = nc + n|H|22(n−1) −
n−2
2(n−1)
√
|H |4 + 4(n− 1)c|H |2. It is easy to check that α(n, |H |, c) is strictly bigger
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than 1n−1 |H |2 + 2c. Lei-Xu [20] proved the smooth convergence theorem of mean
curvature flow in Fn+p(c) with c < 0 and n > 6 under the curvature condition
|h|2 6 α(n, |H |, c) and |H |2 + n2c > 0. For the case c > 0, Lei-Xu [21] proved the
smooth convergence theorem of mean curvature flow in Fn+p(c) (n > 6) under a
sharp curvature condition |h|2 6 γ(n, |H |, c). Meanwhile, some smooth convergence
theorems for the mean curvature flow of arbitrary codimension in space forms under
integral curvature pinching conditions were proved in [25, 27]. See [22, 28] for recent
progress in the smooth convergence theory of mean curvature flow of arbitrary
codimensions.
In the present paper, we focus on the ancient solution of the mean curvature
flow, which is the solution of (1) on the time interval (−∞, T ) for some T < ∞.
In recent years, various researchers have investigated ancient solutions of the mean
curvature flow of codimension one. Closed convex ancient solutions of the curve
shortening flow in the plane have been completely classified by Daskalopoulos-
Hamilton-Sesum [12] to be either shrinking round circles or Angenent ovals. In
higher dimension, a rigidity theorem was proved in [18] stating that a closed and
convex ancient solution of the mean curvature flow on (−∞, 0) in the Euclidean
space Rn+1 with principal curvatures λi and mean curvature function |H | of Mt
satisfying λi > ǫ|H | for a positive constant ǫ is a family of shrinking spheres.
For the ancient solution in the sphere, Bryan-Louie [8] have proved that the only
closed, embedded and convex ancient solutions to the curve shortening flow in the
unit sphere S2 are equators or shrinking circles, and for higher dimensional case
some characterizations of spherical ancient solution in terms of curvature pinching
have been given in [18]. In higher codimensional case, it was proved in [29, 31]
that the ancient solution to the mean curvature flow in the Euclidean space Rn+p
satisfying certain pointwise curvature pinching condition uniformly on (−∞, 0) is a
family of shrinking spheres, and similar rigidity phenomenon holds for the ancient
solutions in the unit sphere Sn+p under the pinching condition |h|2 6 1n−1 |H |2 + 2
for n > 4 and similar but stronger pinching condition for n = 2, 3. It should be
remarked that the curvature pinching conditions in [29, 31] are proposed according
to the convergence theorems for the mean curvature flow in [1, 3]. On the other
hand, Brendle-Choi [4] proved that the rotationally symmetric bowl soliton is the
only complete noncompact ancient solution of mean curvature flow in R3 which is
strictly convex and noncollapsed, and they [5] also generalized this result to higher
dimensional case assuming additionally that the solution is uniformly two-convex.
For more results about ancient solutions of the mean curvature flow and other
geometric flows, see [2, 6, 7, 11, 13, 14, 35], et.al.
In the late 1960’s, Simons [34], Lawson [19], and Chern-do Carmo-Kobayashi [10]
proved a famous rigidity theorem for n-dimensional compact minimal submanifolds
in the unit sphere Sn+p under the pinching condition |h|2 6 n/(2− 1p). In [23], Li-Li
improved the pinching constant to n/
(
1 + 12 sgn(p − 1)
)
. Inspired by the Simons-
Lawson-Chern-do Carmo-Kobayashi-Li-Li rigidity theorem, we prove the following
theorem for ancient solutions of mean curvature flow in the sphere.
Theorem 1. Let F :Mn×(−∞, 0)→ Sn+p be a compact ancient solution of mean
curvature flow in the unit sphere. If
lim
t→−∞
max
Mt
|h|2 < n
1 + 12 sgn(p− 1)
,
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then lim
t→−∞
max
Mt
|h|2 = 0 and Mt is either a shrinking spherical cap or a totally
geodesic sphere.
The term “spherical cap” means a family of shrinking totally umbilical spheres.
Our pinching condition in Theorem 1 is sharp. In fact, the Clifford minimal hyper-
surfaces in Sn+1 satisfy |h|2 = n, and the Veronese minimal surface in S4 satisfies
|h|2 = 43 . The Clifford hypersurfaces and Veronese surface are obviously static an-
cient solutions of the mean curvature flow, so the pinching condition for the case
p = 1 or the case n = 2 and p = 2 in Theorem 1 is optimal.
Theorem 1 is a direct consequence of the following
Theorem 2. Let F : Mn × (−∞, 0) → Sn+p be a compact ancient solution of
mean curvature flow in the unit sphere. Suppose F satisfies one of the following
conditions:
(i) lim
t→−∞
max
Mt
(
|h|2 −min
{
3
n+2 ,
4(n−1)
n(n+2)
}
|H |2
)
< n, for p = 1,
(ii) lim
t→−∞
max
Mt
(|h|2 − 43n |H |2) < 2n3 , for p = 2,
(iii) lim
t→−∞
max
Mt
(|h|2 − 43n |H |2) < 3n5 or limt→−∞maxMt
(|h|2 − 1n |H |2) < 2n3 , for p > 3.
Then Mt is either a shrinking spherical cap or a totally geodesic sphere.
The curvature condition in Theorem 2 is obviously weaker than those in [29, 31].
It should be mentioned that the pinching constant in Theorem 2 is sharp.
If the ambient space is the hyperbolic space Hn+p with constant curvature −1,
we prove the following rigidity theorem.
Theorem 3. Let F : Mn × (−∞, 0) → Hn+p be a compact ancient solution of
mean curvature flow in the hyperbolic space. Suppose there exists a positive number
ε, such that for all t < 0, Mt satisfies |H | > n and
|˚h|2 6 k|H |2
(
1− n2|H|2
)2+ε
,
where
k =
{
1
3n , p > 2 and n > 7,
n−1
2n(n+2) , otherwise.
Then Mt is a family of shrinking spheres.
In Theorem 3, h˚ is the tracefree second fundamental form of a submanifold. As
far as we know, Theorem 3 is the first result in the literature about the rigidity
of ancient solutions of mean curvature flow in the hyperbolic space. Now we give
more details on the shrinking spheres in the hyperbolic space. A geodesic sphere of
radius r in the hyperbolic space has mean curvature n coth r. Thus, the family of
geodesic spheres whose radii are given by r(t) = arccosh e−nt is an ancient solution
of mean curvature flow. Furthermore, the mean curvature functions of the geodesic
spheres are |H |(t) = ne−nt/√e−2nt − 1. We see that |H |(t) are always larger than
n, and tend to n as t→ −∞.
The rigidity of submanifolds under integral curvature pinching condition is also
an attractive topic in submanifold theory. For instance, Shiomaha, Xu and Gu
[33, 38, 39] proved several geometric and topological rigidity theorems for subman-
ifolds in Fn+p(c) with c > 0 under the pinching condition of the curvature integral∫
M |˚h|ndµ. This curvature integral is called the Willmore functional. It is invariant
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under conformal transformations of the ambient space and is a higher dimensional
generalization of the classical Willmore functional for 2-dimensional surfaces. In-
spired by these global rigidity theorems, we prove the following
Theorem 4. Let F : Mn × (−∞, 0) → Fn+p(c) be a compact ancient solution of
mean curvature flow in a space form Fn+p(c) with c > 0. Suppose there holds
lim
t→−∞
∫
Mt
|˚h|ndµt < C(n),
where C(n) is a positive constant explicitly depending on n. Then Mt is either a
shrinking sphere or a totally geodesic sphere in Fn+p(c) with c > 0.
Theorem 4 is also the first result as far as we know in the literature about
the rigidity of ancient solutions of mean curvature flow under integral curvature
pinching condition.
The paper is organized as follows. In Section 2, we recall the evolution equa-
tions along the mean curvature flow in space forms and derive several curvature
inequalities which will be used in the proofs of theorems. In Section 3, we first
prove several rigidity theorems for ancient solutions of mean curvature flow in the
sphere, which combined together verify Theorems 1 and 2, then we give the proof
of Theorem 3. Theorem 4 will be proved in Section 4.
2. Preliminaries
Let Mn be an n-dimensional Riemannian submanifold immersed in an (n+ p)-
dimensional simply connected space form Fn+p(c) with constant curvature c. We
denote by ∇ and ∇ the Levi-Civita connections of the submanifold M and the
ambient space Fn+p(c), respectively. The second fundamental form of M is defined
as
h(u, v) = ∇uv −∇uv
for tangent vector fields u, v on M .
Let {ei|1 6 i 6 n} be a local orthonormal frame for the tangent bundle and
{να|1 6 α 6 p} be a local orthonormal frame for the normal bundle. In a local
frame, we set h(ei, ej) =
∑
α h
α
ijνα. The mean curvature vector is given by
H =
∑
α
Hανα, H
α =
∑
i
hαii.
Let h˚ = h − 1nH ⊗ g be the tracefree second fundamental form. Its norm has the
relation |˚h|2 = |h|2 − 1n |H |2.
Let F : Mn × I → Fn+p(c) be a mean curvature flow. Let Mt = F (M, t) be
the submanifold at t. Andrews and Baker derived the following evolution equations
along the mean curvature flow [1, 3].
Lemma 1. For the mean curvature flow F :Mn × I → Fn+p(c), we have
(i) ∂∂t |h|2 = ∆|h|2 − 2|∇h|2 + 2R1 + 4c|H |2 − 2nc|h|2,
(ii) ∂∂t |H |2 = ∆|H |2 − 2|∇H |2 + 2R2 + 2nc|H |2,
(iii) ∂∂t |˚h|2 = ∆|˚h|2 − 2|∇h˚|2 + 2R1 − 2nR2 − 2nc|˚h|2,
where
R1 =
∑
α,β
(∑
i,j
hαijh
β
ij
)2
+
∑
i,j,α,β
(∑
k
(hαikh
β
jk − hβikhαjk)
)2
,
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R2 =
∑
i,j
(∑
α
Hαhαij
)2
.
In particular, if the codimension is 1, then R1 = |h|4, R2 = |H |2|h|2.
Huisken [15] obtained the following estimate for the gradient terms
(2) |∇h|2 > 3
n+ 2
|∇H |2,
which implies
(3) |∇h˚|2 = |∇h|2 − 1
n
|∇H |2 > 2(n− 1)
n(n+ 2)
|∇H |2.
We will need the following matrix inequality due to Li-Li [23].
Proposition 1. Let A1, · · · , Ap be p(> 2) symmetric matrices. Then
∑
α,β
|AαAβ −AβAα|2 +
∑
α,β
[tr(AαAβ)]
2 6
3
2
(∑
α
|Aα|2
)2
.
Using Proposition 1, we have
R1 =
∑
α,β
(∑
i,j
h˚αij h˚
β
ij
)2
+
∑
i,j,α,β
(∑
k
(˚hαikh˚
β
jk − h˚βikh˚αjk)
)2
+
2
n
∑
i,j
(∑
α
Hαh˚αij
)2
+
1
n2
|H |4
6
3
2
|˚h|4 + 2
n
∑
i,j
(∑
α
Hαh˚αij
)2
+
1
n2
|H |4(4)
=
3
2
|˚h|4 + 2
n
R2 − 1
n2
|H |4.
At a point on M , we choose an orthonormal frame {να} for the normal space,
such that H = |H |ν1, and an orthonormal frame {ei} for the tangent space, such
that h1ij = λiδij . Then
(˚
h1ij
)
is also diagonal, we denote its diagonal elements by
λ˚i. Thus λ˚i = λi − 1n |H | and h˚αij = hαij for α > 1.
With the special frame, R1 becomes
R1 =
(∑
i
λ2i
)2
+ 2
∑
α>1
(∑
i
λ˚i˚h
α
ii
)2
+
∑
α,β>1
(∑
i,j
h˚αij h˚
β
ij
)2
+2
∑
α>1
i6=j
((
λ˚i − λ˚j
)
h˚αij
)2
+
∑
α,β>1
i,j
(∑
k
(˚
hαikh˚
β
jk − h˚αjkh˚βik
))2
.
We use Cauchy-Schwarz inequality to get
∑
α>1
(∑
i
λ˚i˚h
α
ii
)2
6
∑
α>1
(∑
i
λ˚2i
)(∑
i
(˚
hαii
)2)
.
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We also have
∑
α>1
i6=j
((
λ˚i − λ˚j
)
h˚αij
)2
6
∑
α>1
i6=j
2
(˚
λ2i + λ˚
2
j
) (˚
hαij
)2
6 2
∑
α>1
(∑
i
λ˚2i
)(∑
i6=j
(˚
hαij
)2)
.
Thus we get
∑
α>1
(∑
i
λ˚i˚h
α
ii
)2
+
∑
α>1
i6=j
((˚
λi − λ˚j
)
h˚αij
)2
6 2
(∑
i
λ˚2i
)(∑
α>1
i,j
(˚
hαij
)2)
.
Using Proposition 1, we obtain
∑
α,β>1
(∑
i,j
h˚αij h˚
β
ij
)2
+
∑
α,β>1
i,j
(∑
k
(˚
hαikh˚
β
jk − h˚αjkh˚βik
))2
6 ξ˜
(∑
α>1
i,j
(˚
hαij
)2)2
,
where ξ˜ = 1+ 12 sgn(p− 2). Therefore, we obtain
R1 6
(∑
i
λ2i
)2
+ 4
(∑
i
λ˚2i
)(∑
α>1
i,j
(˚
hαij
)2)
+ ξ˜
(∑
α>1
i,j
(˚
hαij
)2)2
.
We set
P =
∑
α>1
i,j
(˚
hαij
)2
.
This gives
∑
i λ
2
i = |h|2 − P and
∑
i λ˚
2
i = |˚h|2 − P . Then we obtain
(5) R1 6 |h|4 +
(
2|˚h|2 − 2
n
|H |2
)
P − ξ−1P 2,
where ξ = 24−sgn(p−2) . We also have
(6) R2 =
∑
i
(|H |λi)2 = |H |2(|h|2 − P ).
3. Pointwisely pinched ancient solutions in curved space forms
In this section we consider the rigidity of ancient solutions of mean curvature
flow in curved space forms under pointwise curvature pinching conditions.
3.1. Ancient solutions in spheres.
We first consider codimension 1 ancient solutions and prove the following
Theorem 5. Let F :Mn×(−∞, 0)→ Sn+1 be a compact ancient solution of mean
curvature flow in the unit sphere. If
sup
M×(−∞,0)
(
|h|2 −min
{
3
n+2 ,
4(n−1)
n(n+2)
}
|H |2
)
< n,
then Mt is either a shrinking spherical cap or a totally geodesic sphere.
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Proof. Set
γ =
2(n− 1)
n(n+ 2)
and k = min
{
γ, 2γ − 1
n
}
.
From the pinching condition, there exists a positive constant a, such that for all
t < 0 there holds
|˚h|2 − k|H |2 < a < n.
We study the function
f =
|˚h|2
γ|H |2 + a .
Notice that f is always less than 1.
We have
∂
∂t
f =
1
γ|H |2 + a
(
∂
∂t
|˚h|2 − γf ∂
∂t
|H |2
)
and
∆f =
1
γ|H |2 + a
(
∆|˚h|2 − γf∆|H |2 − 2γ〈∇f,∇|H |2〉
)
.
Then we get from the evolution equations that(
∂
∂t
−∆
)
f
=
2γ
γ|H |2 + a 〈∇f,∇|H |
2〉 − 2
γ|H |2 + a (|∇h˚|
2 − γf |∇H |2)
+2f
[
|h|2 − n− γ
γ|H |2 + a (|H |
2|h|2 + n|H |2)
]
.(7)
Firstly, we estimate the gradient terms in (7). From (3) we have
|∇h˚|2 > γ|∇H |2 > γf |∇H |2.
Secondly, we estimate the reaction terms.
|h|2 − n− γ
γ|H |2 + a (|H |
2|h|2 + n|H |2)
=
a|h|2 − n(2γ|H |2 + a)
γ|H |2 + a
6
a(2γ|H |2 + a)− n(2γ|H |2 + a)
γ|H |2 + a
=
(a− n)(2γ|H |2 + a)
γ|H |2 + a
6 a− n.
Letting δ = n− a, we obtain(
∂
∂t
−∆
)
f 6
2γ
γ|H |2 + a 〈∇f,∇|H |
2〉 − 2δf.
Applying the maximum principle, we get
∀s < t, max
Mt
f 6 e−2δ(t−s)max
Ms
f.
Letting s→ −∞, we obtain maxMt f = 0, i.e., Mt is a totally umbilical sphere. 
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To derive the rigidity theorem in higher codimensions, we need the following
inequality.
Lemma 2. Let b and ξ be positive numbers. Define
G(x, y) =
2b
(
4
3x+ b
)
+ x(y − 1)
x+ 2b
− xy + ξ
−1y2
1
3x+ b
+ 2y − 1.
If 12 6 ξ < b
−1 − 1, then
sup
x,y∈[0,+∞)
G(x, y) < 0.
Proof. We write G(x, y) as a quadratic function of y.
G(x, y) =
2b
(
4
3x+ b
)− x
x+ 2b
− 1 + b(7x+ 12b)
(x+ 2b)(x+ 3b)
y − 3ξ
−1
x+ 3b
y2.
So, for x > 0, we have
sup
y∈R
G(x, y) =
2b
(
4
3x+ b
)− x
x+ 2b
− 1 + ξ
12(x+ 3b)
[
b(7x+ 12b)
x+ 2b
]2
= [12(x+ 2b)2(x+ 3b)]−1 ×(8) [
144b3(bξ + b− 1) + 24b2(7bξ + 13b− 11)x
+b(49bξ + 184b− 144)x2 + 8(4b− 3)x3
]
.
From 12 6 ξ < b
−1 − 1, we have
bξ + b < 1, 7bξ + 13b < 11, 49bξ + 184b < 144 and b <
3
4
.
So the coefficients of x on the right hand side of (8) are all negative. Therefore, we
obtain supx,y∈[0,+∞)G(x, y) < 0. 
Theorem 6. Let F :Mn× (−∞, 0)→ Sn+p (p > 2) be a compact ancient solution
of mean curvature flow in the unit sphere. Suppose
sup
M×(−∞,0)
(
|h|2 − 4
3n
|H |2
)
<
n
ξ + 1
,
where ξ = 24−sgn(p−2) . Then Mt is either a shrinking spherical cap or a totally
geodesic sphere.
Proof. From the pinching condition, there exists a positive constant b, such that
for all t < 0 there holds
(9) |˚h|2 − 1
3n
|H |2 < bn < n
ξ + 1
.
We study the function
f =
|˚h|2
|H |2 + 2bn2 .
It follows from (9) that f < 12n .
We have
∂
∂t
f =
1
|H |2 + 2bn2
(
∂
∂t
|˚h|2 − f ∂
∂t
|H |2
)
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and
∆f =
1
|H |2 + 2bn2
(
∆|˚h|2 − f∆|H |2 − 2〈∇f,∇|H |2〉
)
.
From the evolution equations, we get(
∂
∂t
−∆
)
f
=
2
|H |2 + 2bn2 〈∇f,∇|H |
2〉 − 2|H |2 + 2bn2 (|∇h˚|
2 − f |∇H |2)
+
2
|H |2 + 2bn2
(
R1 − 1
n
R2
)
− 2f
[
n+
1
|H |2 + 2bn2 (R2 + n|H |
2)
]
.(10)
Firstly, we estimate the gradient terms in (10). From (3) we have
|∇h˚|2 > 1
2n
|∇H |2 > f |∇H |2.
Secondly, we estimate the reaction terms. From (5), (6) and the pinching condition,
we have
R1 − 1
n
R2 6 |h|2 |˚h|2 + 2|˚h|2P − 1
n
|H |2P − ξ−1P 2
6 |˚h|2
(
|h|2 + 2P −
1
n |H |2P + ξ−1P 2
1
3n |H |2 + bn
)
.
Hence we get
2
|H |2 + 2bn2
(
R1 − 1
n
R2
)
− 2f
[
n+
1
|H |2 + 2bn2 (R2 + n|H |
2)
]
(11)
6 2f
[
|h|2 + 2P −
1
n |H |2P + ξ−1P 2
1
3n |H |2 + bn
− n− |H |
2(|h|2 − P + n)
|H |2 + 2bn2
]
= 2f
[
2bn2|h|2 + |H |2(P − n)
|H |2 + 2bn2 −
1
n |H |2P + ξ−1P 2
1
3n |H |2 + bn
+ 2P − n
]
6 2f
[
2bn2
(
4
3n |H |2 + bn
)
+ |H |2(P − n)
|H |2 + 2bn2 −
1
n |H |2P + ξ−1P 2
1
3n |H |2 + bn
+ 2P − n
]
= 2nf G
(
1
n2
|H |2, 1
n
P
)
.
Here G is the function defined in Lemma 2. Since 12 6 ξ < b
−1−1, G ( 1n2 |H |2, 1nP )
has a negative upper bound −δ.
Inserting (11) into (10), we obtain(
∂
∂t
−∆
)
f 6
2
|H |2 + 2bn2 〈∇f,∇|H |
2〉 − 2nδf.
Applying the maximum principle, we get
∀s < t, max
Mt
f 6 e−2nδ(t−s) max
Ms
f.
Letting s→ −∞, we obtain maxMt f = 0, i.e., Mt is a totally umbilical sphere. 
If p > 3, we verify the following theorem with different pinching coefficients.
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Theorem 7. Let F :Mn× (−∞, 0)→ Sn+p (p > 3) be a compact ancient solution
of mean curvature flow in the unit sphere. If
sup
M×(−∞,0)
|˚h|2 < 2n
3
,
then Mt is either a shrinking spherical cap or a totally geodesic sphere.
Proof. Let
f =
|˚h|2
|H |2 + 53n2
.
Then we have f < 25n .
Similarly to (10), we get(
∂
∂t
−∆
)
f
=
2
|H |2 + 53n2
〈∇f,∇|H |2〉 − 2|H |2 + 53n2
(|∇h˚|2 − f |∇H |2)
+
2
|H |2 + 53n2
(
R1 − 1
n
R2
)
− 2f
[
n+
1
|H |2 + 53n2
(R2 + n|H |2)
]
.
From (3) we have
|∇h˚|2 > 2
5n
|∇H |2 > f |∇H |2.
From (4) and (6), we have
2
|H |2 + 53n2
(
R1 − 1
n
R2
)
6
2
|H |2 + 53n2
(
3
2
|˚h|4 + 1
n
|H |2 |˚h|2 − 1
n
|H |2P
)
= 2f
(
1
2
|˚h|2 + |h|2
)
− 2
n
· |H |
2P
|H |2 + 53n2
and
2f
[
n+
1
|H |2 + 53n2
(R2 + n|H |2)
]
= 2f
[
n+
1
|H |2 + 53n2
|H |2(|h|2 + n− P )
]
= 2f
[
|h|2 + 2n−
5
3n
2
|H |2 + 53n2
(|h|2 + n)
]
− 2f |H |
2P
|H |2 + 53n2
> 2f
[
|h|2 + 2n−
5
3n
2
|H |2 + 53n2
(
1
n
|H |2 + 5n
3
)]
− 2
n
· |H |
2P
|H |2 + 53n2
= 2f
(
|h|2 + n
3
)
− 2
n
· |H |
2P
|H |2 + 53n2
.
Therefore, we get(
∂
∂t
−∆
)
f 6
2
|H |2 + 53n2
〈∇f,∇|H |2〉+
(
|˚h|2 − 2n
3
)
f.
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Set δ = − sup
M×(−∞,0)
(
|˚h|2 − 2n3
)
. It follows from the maximum principle that
∀s < t, max
Mt
f 6 e−δ(t−s) max
Ms
f.
Hence, we obtain maxMt f = 0, i.e., Mt is a totally umbilical sphere. 
Now we give the proof of Theorem 2.
Proof of Theorem 2. By the assumption, there exists t0 < 0, such that
sup
M×(−∞,t0)
(|h|2 − κ|H |2) < α,
where (κ, α) =
(
min{ 3n+2 , 4(n−1)n(n+2)}, n
)
for p = 1, (κ, α) = ( 43n ,
2n
3 ) for p = 2,
(κ, α) = ( 43n ,
3n
5 ) or (
1
n ,
2n
3 ) for p > 3. Then combining the results of Theorems 5,
6 and 7, we complete the proof of Theorem 2. 
3.2. Ancient solutions in hyperbolic spaces.
Let F :Mn× (−∞, 0)→ Hn+p be a compact ancient solution of mean curvature
flow in the hyperbolic space with constant curvature −1. Suppose there exists a
positive number ε, such that for all t < 0, Mt satisfies |H | > n and
|˚h|2 6 k|H |2
(
1− n2|H|2
)2+ε
,
where
k =
{
1
3n , p > 2 and n > 7,
n−1
2n(n+2) , otherwise.
For positive numbers ε and n, we define a function ϕ : (n2,+∞)→ R by
(12) ϕ(x) = x
(
1− n
2
x
)2+ε
.
Then it has the following properties.
Lemma 3. The function ϕ(x) satisfies
(i) ϕ(x) < x,ϕ′(x) < 1, ϕ′′(x) > 0,
(ii) 1− xϕ′(x)ϕ(x) = − (2+ε)n
2
x−n2 ,
(iii) ϕ′(x) + 2xϕ′′(x) < 4.
Proof. By the definition of ϕ, we get ϕ(x) < x.
Differentiating ϕ, we get
ϕ′(x) =
x+ n2(1 + ε)
x
(
1− n
2
x
)1+ε
,
ϕ′′(x) =
n4(1 + ε)(2 + ε)
x3
(
1− n
2
x
)ε
.
Since ϕ′′(x) > 0, we have ϕ′(x) < ϕ′(+∞) = 1.
Now we can check
1− xϕ
′(x)
ϕ(x)
= − (2 + ε)n
2
x− n2 .
By a direct computation, we have
ϕ′(x) + 2xϕ′′(x) =
n4(1 + ε)(3 + 2ε) + n2εx+ x2
x2
(
1− n
2
x
)ε
.
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Replacing x by n
2
y , we set
ψ(y) = [(1 + ε)(3 + 2ε)y2 + εy + 1](1− y)ε
for 0 < y < 1. Since
ψ′(y) = (1 + ε)(2 + ε)y(1− y)ε−1[3− (3 + 2ε)y],
we have
sup
0<y<1
ψ(y) = ψ
(
3
3 + 2ε
)
=
2(7ε+ 6)
2ε+ 3
(
2ε
2ε+ 3
)ε
.
Taking the logarithm, we set
θ(ε) = log
2(7ε+ 6)
2ε+ 3
+ ε log
2ε
2ε+ 3
.
Then we have
θ′(ε) =
3(7ε+ 9)
(2ε+ 3)(7ε+ 6)
+ log
2ε
2ε+ 3
,
θ′′(ε) =
27(7ε2 + 17ε+ 12)
ε(2ε+ 3)2(7ε+ 6)2
.
Since θ′′(ε) > 0, we have θ′(ε) < θ′(+∞) = 0. This implies θ(ε) < θ(0+) = log 4.
Thus we obtain ψ(y) < 4 for 0 < y < 1. 
Now we give the proof of Theorem 3.
Proof of Theorem 3. We study the function
f =
|˚h|2
ϕ(|H |2) .
The pinching condition implies that f 6 k.
First, we derive the evolution equation of f . By a direct computation, we have
∂
∂t
f =
1
ϕ(|H |2)
(
∂
∂t
|˚h|2 − f ∂
∂t
ϕ(|H |2)
)
and
∆f =
1
ϕ(|H |2)
(
∆|˚h|2 − f∆ϕ(|H |2)− 2〈∇f,∇ϕ(|H |2)〉
)
.
From Lemma 1 (ii), we have(
∂
∂t
−∆
)
ϕ(|H |2)
= −2ϕ′(|H |2)(|∇H |2 −R2 + n|H |2)− ϕ′′(|H |2)
∣∣∇|H |2∣∣2
> −2(ϕ′(|H |2) + 2|H |2ϕ′′(|H |2))|∇H |2
+2ϕ′(|H |2)(R2 − n|H |2).
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Therefore we obtain
(
∂
∂t
−∆
)
f
6
2
ϕ(|H |2) 〈∇f,∇ϕ(|H |
2)〉(13)
− 2
ϕ(|H |2) [|∇h˚|
2 − f(ϕ′(|H |2) + 2|H |2ϕ′′(|H |2))|∇H |2]
+
2
ϕ(|H |2)
(
R1 − 1
n
R2
)
+ 2f
[
n− ϕ
′(|H |2)
ϕ(|H |2) (R2 − n|H |
2)
]
.
From (3) and Lemma 3 (iii), we have
f(ϕ′(|H |2) + 2|H |2ϕ′′(|H |2))|∇H |2
6 4k|∇H |2 6 2(n− 1)
n(n+ 2)
|∇H |2 6 |∇h˚|2.
From (5), (6), we get
2
ϕ(|H |2)
(
R1 − 1
n
R2
)
+ 2f
[
n− ϕ
′(|H |2)
ϕ(|H |2) (R2 − n|H |
2)
]
6
2
ϕ(|H |2)
[
|h|2 |˚h|2 + 2P |˚h|2 − 1
n
P |H |2
]
+2f
[
n− ϕ
′(|H |2)|H |2
ϕ(|H |2) (|h|
2 − P − n)
]
= 2f
[
|h|2 + n− ϕ
′(|H |2)|H |2
ϕ(|H |2) (|h|
2 − n)
]
+
2P
ϕ(|H |2)
[
2|˚h|2 − 1
n
|H |2 + fϕ′(|H |2)|H |2
]
.
If p = 1, then P is identically zero. If p > 2, it follows from the pinching condition
and Lemma 3 (i) that
2|˚h|2 − 1
n
|H |2 + fϕ′(|H |2)|H |2
6 2kϕ(|H |2)− 1
n
|H |2 + f |H |2
6 2k|H |2 − 1
n
|H |2 + k|H |2
=
(
3k − 1
n
)
|H |2
6 0.
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By Lemma 3 (ii), we have
|h|2 + n− ϕ
′(|H |2)|H |2
ϕ(|H |2) (|h|
2 − n)
=
(
1− ϕ
′(|H |2)|H |2
ϕ(|H |2)
)
(|h|2 − n) + 2n
= − (2 + ε)n|H |2 − n2 (n|h|
2 − n2) + 2n
6 −(2 + ε)n+ 2n
= −εn.
Hence, we obtain
(
∂
∂t
−∆
)
f 6
2
ϕ(|H |2) 〈∇f,∇ϕ(|H |
2)〉 − 2εnf.
This implies f ≡ 0, i.e., Mt is a totally umbilical sphere. 
4. Integral pinched ancient solutions
4.1. Ancient solutions in the Euclidean space.
We need the following Sobolev type inequality on submanifolds [30].
Proposition 2. Let M be an n-dimensional closed submanifold in the Euclidean
space. For any nonnegative C1-function f on M , we have
(∫
M
f
n
n−1dµ
)n−1
n
6 B(n)
∫
M
(|∇f |+ f |H |)dµ,
where B(n) is a positive constant depending only on n.
Now we investigate the integral pinched ancient solution in dimension two.
Theorem 8. Let F : M2×(−∞, 0)→ R2+p be a compact ancient solution of mean
curvature flow. Suppose for all t < 0, there holds
∫
Mt
|˚h|2dµt < C,
where C is an explicit positive constant. Then Mt is a shrinking sphere.
Proof. Let χ(M) be the Euler characteristic of M . The Gauss-Bonnet formula
implies
(14)
∫
Mt
(
1
4
|H |2 − 1
2
|˚h|2
)
dµt = 2πχ(M).
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Noting that ∂∂tdµt = −|H |2dµt, we have
d
dt
∫
Mt
|˚h|2dµt = d
dt
∫
Mt
(
3
2
|˚h|2 − 1
4
|H |2
)
dµt
=
∫
Mt
[
∂
∂t
(
3
2
|˚h|2 − 1
4
|H |2
)
− |H |2
(
3
2
|˚h|2 − 1
4
|H |2
)]
dµt
=
∫
Mt
[
−3|∇h˚|2 + 1
2
|∇H |2 + 3R1 − 2R2
−|H |2
(
3
2
|˚h|2 − 1
4
|H |2
)]
dµt.
By (3), we have
(15) − 3|∇h˚|2 + 1
2
|∇H |2 6 −|∇h˚|2.
By (5) and (6), we have
3R1 − 2R2 6 3|h|4 + 3(2|˚h|2 − |H |2)P − 2|H |2(|h|2 − P )
6 3|h|4 + 6|˚h|4 − 2|H |2|h|2(16)
= 9|˚h|4 + |H |2 |˚h|2 − 1
4
|H |4.
So we get
d
dt
∫
Mt
|˚h|2dµt 6
∫
Mt
(
9|˚h|4 − |∇h˚|2 − 1
2
|H |2 |˚h|2
)
dµt.
From Proposition 2, we have(∫
Mt
|˚h|4dµt
) 1
2
6 B(2)
∫
Mt
(2|˚h||∇h˚|+ |˚h|2|H |)dµt
6 B(2)
(∫
Mt
|˚h|2dµt
) 1
2
[∫
Mt
(2|∇h˚|+ |˚h||H |)2dµt
] 1
2
6 B(2)
√
C
[∫
Mt
(6|∇h˚|2 + 3|˚h|2|H |2)dµt
] 1
2
.
Setting C = 160B(2)2 , we get∫
Mt
|˚h|4dµt 6 1
10
∫
Mt
(
|∇h˚|2 + 1
2
|˚h|2|H |2
)
dµt.
Hence we obtain
(17)
d
dt
∫
Mt
|˚h|2dµt 6 −
∫
Mt
|˚h|4dµt 6 −
(∫
Mt
|˚h|2dµt
)2
∫
Mt
1dµt
.
Let I(t) =
∫
Mt
|˚h|2dµt, vol (t) =
∫
Mt
1dµt. We prove I(t) is always zero by
contradiction. Assume there exists t0, such that I(t0) > 0. Thus, for all t < t0, we
get from (17) that
d
dt
I−1(t) > vol−1(t).
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Integrating, we get
(18) I−1(t0)− I−1(t) >
∫ t0
t
vol−1(τ)dτ.
Then we estimate the volume of Mt. By (14), we have
d
dt
vol (t) = −
∫
Mt
|H |2dµt > −C¯,
where C¯ = 2C + 16π. This yields
vol(t) 6 vol (t0) + C¯(t0 − t).
Thus, we get from (18) that
I−1(t0) > I
−1(t) +
1
C¯
log
[
1 +
C¯
vol(t0)
(t0 − t)
]
.
The right hand side of the above inequality tends to +∞ as t→ −∞, which leads
to a contradiction. Therefore, we obtain I(t) = 0 for all t. 
Denote by f+ the positive part of a function f . Now we derive the following
integral inequality.
Lemma 4. Suppose M is an n(> 3)-dimensional closed submanifold in the Eu-
clidean space, and U is a C2-function on M . For any q > 1, we have∫
M
U q−1+ ∆Udµ 6 −
q − 1
4q2
[
1
2B(n)2
(∫
M
U
qn
n−2
+ dµ
)n−2
n
−
∫
M
|H |2U q+dµ
]
.
Proof. Set Uε =
√
U2+ + ε for ε > 0. Then Uε is C
1-differentiable, and ∇Uε =
U+
Uε
∇U . By the divergence theorem, we have∫
M
U q−1ε ∆Udµ = −(q − 1)
∫
M
U q−3ε U+|∇U |2dµ
6 −(q − 1)
∫
M
U q−2ε |∇Uε|2dµ.(19)
Applying Proposition 2 to U
q(n−1)/(n−2)
ε , we have(∫
M
U
qn
n−2
ε dµ
)n−1
n
6 B(n)
∫
M
(∣∣∣∣∇U q(n−1)n−2ε
∣∣∣∣+ U q(n−1)n−2ε |H |
)
dµ
6 B(n)
∫
M
U
qn
2(n−2)
ε
(
2qU
q
2−1
ε |∇Uε|+ U
q
2
ε |H |
)
dµ
6 B(n)
(∫
M
U
qn
n−2
ε
) 1
2
[∫
M
(
2qU
q
2−1
ε |∇Uε|+ U
q
2
ε |H |
)2
dµ
] 1
2
.
This implies
(20)
(∫
M
U
qn
n−2
ε dµ
)n−2
n
6 B(n)2
∫
M
2(4q2U q−2ε |∇Uε|2 + U qε |H |2)dµ.
Combining (19) and (20), we get∫
M
U q−1ε ∆Udµ 6 −
q − 1
4q2
[
1
2B(n)2
(∫
M
U
qn
n−2
ε dµ
)n−2
n
−
∫
M
|H |2U qε dµ
]
.
ANCIENT SOLUTION OF MEAN CURVATURE FLOW IN SPACE FORMS 17
Letting ε→ 0, we obtain∫
M
U q−1+ ∆Udµ 6 −
q − 1
4q2
[
1
2B(n)2
(∫
M
U
qn
n−2
+ dµ
)n−2
n
−
∫
M
|H |2U q+dµ
]
.

Let n > 3. Consider the compact ancient solution F : Mn × (−∞, 0) → Rn+p.
Set
U = |˚h|2 − 1
n2
|H |2.
Then we have the following estimate.
Lemma 5. For any number q > 1, the following inequality holds along the flow.
d
dt
∫
Mt
U q+dµt 6
[
−A1(n, q) +A2(n, q)
(∫
Mt
|˚h|ndµt
) 2
n
](∫
Mt
U
qn
n−2
+ dµt
)n−2
n
,
where A1(n, q), A2(n, q) are positive constants depending only on n and p.
Proof. From the evolution equations, we get(
∂
∂t
−∆
)
U = −2
(
|∇h˚|2 − 1
n2
|∇H |2
)
+ 2
(
R1 − n+ 1
n2
R2
)
.
By (3) we have
(21) |∇h˚|2 − 1
n2
|∇H |2 > 1
3n
|∇H |2.
From (5), (6), we get
R1 − n+ 1
n2
R2
6 |h|4 +
(
2|˚h|2 − 2
n
|H |2
)
P − n+ 1
n2
|H |2(|h|2 − P )
6 U(|h|2 + 2P )(22)
6 U+(|h|2 + 2|˚h|2)
= U+
(
3|˚h|2 + 1
n
|H |2
)
.
Hence we obtain
(23)
∂
∂t
U 6 ∆U − 2
3n
|∇H |2 + 2U+
(
3|˚h|2 + 1
n
|H |2
)
.
It follows from (23) and Lemma 4 that
d
dt
∫
Mt
U q+dµt 6
∫
Mt
qU q−1+
∂
∂t
Udµt
6 q
∫
Mt
U q−1+ ∆Udµt + 2q
∫
Mt
U q+
(
3|˚h|2 + 1
n
|H |2
)
dµt
6 −q − 1
4q
· 1
2B(n)2
(∫
Mt
U
qn
n−2
+ dµt
)n−2
n
+
∫
Mt
(
q − 1
4q
|H |2 + 2q
(
3|˚h|2 + 1
n
|H |2
))
U q+dµt.
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Note that |H |2 6 n2 |˚h|2 on the support of U+. We use Ho¨lder’s inequality to get∫
Mt
(
q − 1
4q
|H |2 + 2q
(
3|˚h|2 + 1
n
|H |2
))
U q+dµt
6
(
n2
4
+ 4qn
)∫
Mt
|˚h|2U q+dµt
6
(
n2
4
+ 4qn
)(∫
Mt
|˚h|ndµt
) 2
n
(∫
Mt
U
qn
n−2
+ dµt
)n−2
n
.
Thus, we complete the proof. 
Theorem 9. Let F :Mn× (−∞, 0)→ Rn+p (n > 3) be a compact ancient solution
of mean curvature flow. Suppose for all t < 0, there holds∫
Mt
|˚h|ndµt < C(n),
where C(n) is a positive constant explicitly depending on n. Then Mt is a shrinking
sphere.
Proof. We choose C(n) such that
C(n) < min
q∈{n2 ,
n2
2(n−2)
}
(
A1(n, q)
A2(n, q)
)n
2
.
Here A1(n, q), A2(n, q) are constants in Lemma 5. Letting Jr(t) =
∫
Mt
U
r/2
+ dµt, we
get
d
dt
Jn(t) 6 −C˜(n)(Jn2/(n−2)(t))
n−2
n ,
where C˜(n) is a positive constant. Hence, for any t1 < t2 < 0, we have
Jn(t1)− Jn(t2) > C˜(n)
∫ t2
t1
(Jn2/(n−2)(t))
n−2
n dt.
It follows from Lemma 5 that Jn2/(n−2)(t) is decreasing. Thus∫ t2
t1
(Jn2/(n−2)(t))
n−2
n dt > (t2 − t1)(Jn2/(n−2)(t2))
n−2
n .
On the other hand, we have
Jn(t1)− Jn(t2) 6 Jn(t1) 6
∫
Mt1
|˚h|ndµt1 < C(n).
Hence we get
(t2 − t1)(Jn2/(n−2)(t2))
n−2
n <
C(n)
C˜(n)
.
Letting t1 → −∞, we obtain Jn2/(n−2)(t2) = 0. Thus U 6 0 for all t.
From (23) we get
∂
∂t
U 6 ∆U − 2
3n
|∇H |2.
Assume |H | attains 0 at (x0, t0). Then U also attains 0 at this point. The strong
maximum principle implies that U ≡ 0. Then we get |∇H | ≡ 0. Thus, Mt0 is
minimal, which is not possible. So H is non-vanishing along the flow. Applying the
rigidity theorem for ancient solutions in [29], we obtain the conclusion. 
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4.2. Ancient solutions in the sphere.
First we investigate the integral pinched ancient solution in dimension two.
Theorem 10. Let F : M2 × (−∞, 0) → S2+p be a compact ancient solution of
mean curvature flow. Suppose for all t < 0, there holds∫
Mt
|˚h|2dµt < C,
where C is an explicit positive constant. Then Mt is either a shrinking spherical
cap or a totally geodesic sphere.
Proof. The Gauss-Bonnet formula implies∫
Mt
(
1
4
|H |2 − 1
2
|˚h|2 + 1
)
dµt = 2πχ(M).
Noting that ∂∂tdµt = −|H |2dµt, we have
d
dt
∫
Mt
|˚h|2dµt = d
dt
∫
Mt
(
3
2
|˚h|2 − 1
4
|H |2 − 1
)
dµt
=
∫
Mt
[
∂
∂t
(
3
2
|˚h|2 − 1
4
|H |2
)
− |H |2
(
3
2
|˚h|2 − 1
4
|H |2 − 1
)]
dµt
=
∫
Mt
[
−3|∇h˚|2 + 1
2
|∇H |2 + 3R1 − 2R2
−6|˚h|2 − |H |2
(
3
2
|˚h|2 − 1
4
|H |2
)]
dµt.
Using (15) and (16) again, we get
d
dt
∫
Mt
|˚h|2dµt 6
∫
Mt
(
9|˚h|4 − |∇h˚|2 − 1
2
|H |2 |˚h|2 − 6|˚h|2
)
dµt.
Through the composition of immersions Mn → Sn+p → Rn+p+1, Mn can be re-
garded as a submanifold in Rn+p+1, whose mean curvature is
√
|H |2 + n2. Thus
Proposition 2 implies(∫
Mt
|˚h|4dµt
) 1
2
6 B(2)
∫
Mt
(
2|˚h||∇h˚|+ |˚h|2
√
|H |2 + 4
)
dµt
6 B(2)
(∫
Mt
|˚h|2dµt
) 1
2
[∫
Mt
(
2|∇h˚|+ |˚h|
√
|H |2 + 4
)2
dµt
] 1
2
6 B(2)
√
C
[∫
Mt
(6|∇h˚|2 + 3|˚h|2(|H |2 + 4))dµt
] 1
2
.
Setting C = 154B(2)2 , we get∫
Mt
|˚h|4dµt 6 1
9
∫
Mt
(
|∇h˚|2 + 1
2
|˚h|2|H |2 + 2|˚h|2
)
dµt.
Hence we have
d
dt
∫
Mt
|˚h|2dµt 6 −4
∫
Mt
|˚h|2dµt.
Therefore, we obtain
∫
Mt
|˚h|2dµt = 0 for all t. 
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Now we let n > 3. Consider the compact ancient solution F : Mn × (−∞, 0)→
S
n+p. Set
U = |˚h|2 − 1
n2
|H |2.
We have the following estimate.
Lemma 6. Along the mean curvature flow, there holds
d
dt
∫
Mt
U
n
2
+ dµt 6 −D1(n)
∫
Mt
U
n
2
+ dµt
−
[
D2(n)−D3(n)
(∫
Mt
|˚h|ndµt
) 2
n
](∫
Mt
U
n2
2(n−2)
+ dµt
)n−2
n
,
where D1(n), D2(n), D3(n) are positive constants depending only on n.
Proof. Using (21) and (22) again, we have(
∂
∂t
−∆
)
U
= −2
(
|∇h˚|2 − 1
n2
|∇H |2
)
+ 2
(
R1 − n+ 1
n2
R2
)
− 2n
(
|˚h|2 + 1
n2
|H |2
)
6 2U+
(
3|˚h|2 + 1
n
|H |2
)
− 2n
(
|˚h|2 + 1
n2
|H |2
)
6 2U+
(
3|˚h|2 + 1
n
|H |2 − n
)
.
Hence we get
d
dt
∫
Mt
U
n
2
+ dµt =
∫
Mt
(
n
2
U
n
2−1
+
∂
∂t
U − |H |2U
n
2
+
)
dµt
6
∫
Mt
(n
2
U
n
2−1
+ ∆U + nU
n
2
+ (3|˚h|2 − n)
)
dµt.
Regarding Mn as a submanifold in Rn+p+1 with mean curvature
√
|H |2 + n2, we
get from Lemma 4 that
∫
Mt
U
n
2−1
+ ∆Udµt 6 −
n− 2
4n2B(n)2
(∫
Mt
U
n2
2(n−2)
+ dµt
)n−2
n
+
n− 2
2n2
∫
Mt
(|H |2+n2)U
n
2
+ dµt.
Thus we get
d
dt
∫
Mt
U
n
2
+ dµt 6 −
n− 2
8nB(n)2
(∫
Mt
U
n2
2(n−2)
+ dµt
)n−2
n
+
n− 2
4n
∫
Mt
(|H |2 + n2)U
n
2
+ dµt +
∫
Mt
nU
n
2
+ (3|˚h|2 − n)dµt
6 − n− 2
8nB(n)2
(∫
Mt
U
n2
2(n−2)
+ dµt
)n−2
n
+
n2 + 10n
4
∫
Mt
|˚h|2U
n
2
+ dµt −
3n2 + 2n
4
∫
Mt
U
n
2
+ dµt.
ANCIENT SOLUTION OF MEAN CURVATURE FLOW IN SPACE FORMS 21
Using the following Ho¨lder inequality∫
Mt
|˚h|2U
n
2
+ dµt 6
(∫
Mt
|˚h|ndµt
) 2
n
(∫
Mt
U
n2
2(n−2)
+ dµt
)n−2
n
,
we complete the proof. 
Theorem 11. Let F :Mn×(−∞, 0)→ Sn+p (n > 3) be a compact ancient solution
of mean curvature flow. Suppose for all t < 0, there holds∫
Mt
|˚h|ndµt < C(n),
where C(n) is a positive constant explicitly depending on n. Then Mt is either a
shrinking spherical cap or a totally geodesic sphere.
Proof. By choosing C(n) =
(
D2(n)
D3(n)
)n/2
, we get from Lemma 6 that
d
dt
∫
Mt
U
n
2
+ dµt 6 −D1(n)
∫
Mt
U
n
2
+ dµt.
This implies
∫
Mt
U
n
2
+ dµt ≡ 0. Therefore, Mt satisfies |˚h|2 6 1n2 |H |2 for all t < 0.
Applying the rigidity theorem in the previous section, we obtain the conclusion. 
Proof of Theorem 4. By the assumption, there exists t0 < 0, such that
∫
Mt
|˚h|ndµt <
C(n) for all t ∈ (−∞, t0). Then combining the results of the present section, we
complete the proof of Theorem 4. 
References
[1] B. Andrews and C. Baker, Mean curvature flow of pinched submanifolds to spheres, J. Dif-
ferential Geom., 85 (2010), 357-395.
[2] S. Angenent, P. Daskalopoulos and N. Sesum, Unique asymptotics of ancient convex mean
curvature flow solutions. J. Differential Geom. 111 (2019), 381-455.
[3] C. Baker, The mean curvature flow of submanifolds of high codimension, arXiv:1104.4409v1,
2011.
[4] S. Brendle and K. Choi, Uniqueness of convex ancient solutions to mean curvature flow in
R
3. Invent. Math. 217 (2019), 35-76.
[5] S. Brendle and K. Choi, Uniqueness of convex ancient solutions to mean curvature flow in
higher dimensions. arXiv:1804.00018, 2018.
[6] S. Brendle, G. Huisken and C. Sinestrari, Ancient solutions to the Ricci flow with pinched
curvature. Duke Math. J. 158 (2011), 537-551.
[7] P. Bryan, M. N. Ivaki and J. Scheuer, On the classification of ancient solutions to curvature
flows on the sphere, arXiv:1604.01694v2, 2016.
[8] P. Bryan and J. Louie, Classification of convex ancient solutions to curve shortening flow on
the sphere. J. Geom. Anal. 26 (2016), 858-872.
[9] S.Y. Cheng, P. Li and S. T. Yau, Heat equations on minimal submanifolds and their appli-
cations. Amer. J. Math. 106 (1984), 1033-1065.
[10] S. S. Chern, M. do Carmo and S. Kobayashi, Minimal submanifolds of a sphere with second
fundamental form of constant length. In: Functional Analysis and Related Fields, Springer-
Verlag, Berlin, 1970, pp. 59-75.
[11] K. Choi and C. Mantoulidis, Ancient gradient flows of elliptic functionals and Morse index,
arXiv:1902.07697v2, 2019.
[12] P. Daskalopoulos, R. Hamilton and N. Sesum, Classification of compact ancient solutions to
the curve shortening flow. J. Differential Geom. 84 (2010), 455-464.
[13] P. Daskalopoulos, Ancient solutions to geometric flows. Proceedings of the International
Congress of Mathematicians-Seoul 2014. Vol. III, 773-788, Kyung Moon Sa, Seoul, 2014.
22 LI LEI, HONGWEI XU, AND ENTAO ZHAO
[14] R. Haslhofer and O. Hershkovits, Ancient solutions of the mean curvature flow, Comm. Anal.
Geom. 24 (2016), 593-604.
[15] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Differential Geom.,
20 (1984), 237-266.
[16] G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by their mean cur-
vature. Invent. Math. 84 (1986), 463-480.
[17] G. Huisken, Deforming hypersurfaces of the sphere by their mean curvature, Math. Z. 195
(1987), 205-219.
[18] G. Huisken, C. Sinestrari, Convex ancient solutions of the mean curvature flow, J. Differential
Geom., 101 (2015), 267-287.
[19] B. Lawson, Local rigidity theorems for minimal hypersurfaces, Ann. of Math., 89(1969),
187-197.
[20] L. Lei and H. W. Xu, An optimal convergence theorem for mean curvature flow of arbitrary
codimension in hyperbolic spaces. arXiv:1503.06747, 2015.
[21] L. Lei and H. W. Xu, Mean curvature flow of arbitrary codimension in spheres and sharp
differentiable sphere theorem. arXiv:1506.06371, 2015.
[22] L. Lei and H. W. Xu, New developments in mean curvature flow of arbitrary codimension
inspired by Yau rigidity theory. Proceedings of the 7th International Congress of Chinese
Mathematicians ALM 43, pp. 327-348, 2016.
[23] A. M. Li and J. M. Li, An intrinsic rigidity theorem for minimal submanifolds in a sphere,
Arch. Math., 58 (1992), 582-594.
[24] K. F. Liu, H. W, Xu, F. Ye and E. T. Zhao, Mean curvature flow of higher codimension in
hyperbolic spaces. Comm. Anal. Geom. 21 (2013), 651-669.
[25] K. F. Liu, H. W, Xu, F. Ye and E. T. Zhao, The extension and convergence of mean curvature
flow in higher codimension. Trans. Amer. Math. Soc. 370 (2018), 2231-2262.
[26] K. F. Liu, H. W, Xu and E. T. Zhao, Mean curvature flow of higher codimension in Rie-
mannian manifolds. arXiv:1204.0107, 2012.
[27] K. F. Liu, H. W, Xu and E. T. Zhao, Deforming submanifolds of arbitrary codimension in a
sphere. arXiv:1204.0106.
[28] K. F. Liu, H. W, Xu and E. T. Zhao, Some recent results on mean curvature flow of arbitrary
codimension. In Proceedings of the Sixth International Congress of Chinese Mathematicians,
Taipei, July 14-19, 2013, AMS/IP, Studies in Advanced Math.
[29] S. Lynch, H. T. Nguyen, Pinched ancient solutions to the high codimension mean curvature
flow, arXiv:1709.09697.
[30] J. H. Michael, L. M. Simon, Sobolev and mean value inequalities on generalized submanifolds
of Rn, Comm. Pure Appl. Math. 26 (1973) 316-379.
[31] S. Risa and C. Sinestrari, Ancient solutions of geometric flows with curvature pinching, J.
Geom. Anal. 29 (2019), 1206-1232.
[32] K. Shiohama and H. W. Xu, The topological sphere theorem for complete submanifolds.
Compositio Math. 107(1997), 221-232.
[33] K. Shiohama and H. W. Xu, Rigidity and sphere theorems for submanifolds. Kyushu J. Math.
I, 48 (1994), 291-306; II, 54 (2000), 103-109.
[34] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math., 88(1968), 62-105.
[35] X. Wang, Convex solutions to the mean curvature flow, Ann. of Math. (2) 173 (2011), 1185-
1239.
[36] H. W. Xu, Pinching theorems, global pinching theorems, and eigenvalues for Riemannian
submanifolds, Ph.D. dissertation, Fudan University, 1990.
[37] H. W. Xu, A rigidity theorem for submanifolds with parallel mean curvature in a sphere.
Arch. Math. (Basel) 61 (1993), 489-496.
[38] H. W. Xu, Ln/2-pinching theorems for submanifolds with parallel mean curvature in a sphere.
J. Math. Soc. Japan, 46 (1994), 503-515.
[39] H. W. Xu and J. R. Gu, A general gap theorem for submanifolds with parallel mean curvature
in Rn+p. Comm. Anal. Geom. 15 (2007), 175-193.
ANCIENT SOLUTION OF MEAN CURVATURE FLOW IN SPACE FORMS 23
Center of Mathematical Sciences, Zhejiang University, Zhejiang Hangzhou, 310027,
People’s Republic of China
E-mail address: lei-li@zju.edu.cn
Center of Mathematical Sciences, Zhejiang University, Zhejiang Hangzhou, 310027,
People’s Republic of China
E-mail address: xuhw@zju.edu.cn
Center of Mathematical Sciences, Zhejiang University, Zhejiang Hangzhou, 310027,
People’s Republic of China
E-mail address: zhaoet@zju.edu.cn
